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Abstract 

We apply our recent formalism establishing new connections between the 
geometry of moving space curves and soliton equations, to the nonlinear 
Schrodinger equation (NLS). We show that any given solution of the NLS 
gets associated with three distinct space curve evolutions. The tangent vector 
of the first of these curves, the binormal vector of the second and the normal 
vector of the third, are shown to satisfy the integrable Landau-Lifshitz (LL) 
equation S u = S x S ss , (S 2 = 1). These connections enable us to find the 
three surfaces swept out by the moving curves associated with the NLS. As 
an example, surfaces corresponding to a stationary envelope soliton solution 
of the NLS are obtained. 
1 Introduction 

A procedure to associate a completely integrable equation [0] supporting soli- 
ton solutions with the evolution equation of a moving space curve was found 
some time ago by Lamb . Recently, we showed |J that there are two other 
distinct ways of making such a connection. Thus three different space curve 
evolutions get associated with a given solution of the integrable equation. 
As an illustrative example, we considered the nonlinear Schrodinger equa- 
tion (NLS) and demonstrated that the three associated moving curves had 
distinct curvature and torsion functions. We also obtained the curve param- 
eters for a one-soliton solution of the NLS. However, as is well knownEJ, the 
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explicit construction of an evolving space curve or swept-out surface, using 
the corresponding expressions for the curvature and torsion is a nontrivial 
task in general. For an integrable nonlinear partial differential equation, a 
method proposed by Sym || shows that using its Lax pair, a certain surface 
that gets associated with a given solution can be constructed, and this has 
been applied || to the NLS. In this paper, we use a different approach which 
obtains two more surfaces (or moving curves), in addition to the above sur- 
face. For the NLS, we first use the expressions || for the associated curve 
parameters to show that the three space curve evolutions all map to the 
integrable Landau-Lifshitz (LL) equation for the time evolution of a spin 
vector S of a continuous one-dimensional Heisenberg ferro magnet. In other 
words, the tangent vector of the first moving curve, the binormal vector of 
the second, and the normal vector of the third, are shown to satisfy the LL 
equation. The first of these results is essentially the converse of the impor- 
tant mapping from the LL equation to the NLS which Lakshmanan[|8| had 
obtained, by identifying S with the tangent vector. Exploiting the above 
connections enables us to explicitly construct the three swept-out surfaces. 
Surfaces associated with a stationary envelope soliton of the NLS are pre- 
sented. 

2 New connections between moving curves and soliton equations 

A moving space curve embedded in three dimensions may be described Q 
using the following two sets of Frenet-Serret equations 0] for the orthonormal 
triad of unit vectors made up of the tangent t, normal n and the binormal 
b: 

t s = Kn ; n s = —Kt + rh ; h s = — rn. (1) 
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t u = gn + Kb ; n u = -gt + r b ; b u = -ht - r n. (2) 

Here, s and u denote the arclength and time respectively. The parameters 
K and r represent the curvature and torsion of the space curve. The param- 
eters g, h and r are, at this stage, general parameters which determine the 
time evolution of the curve. All the parameters are functions of both s and 
u. The subscripts s and u stand for partial derivatives. On requiring the 
compatibility conditions 

^su t us , u s u ^us j b su b us , (3) 

a short calculation using Eqs. (|l|) and (0) leads to 

Ku = (g s -Th); t u = (r ) s + Kh; h s = (Kr -Tg). (4) 

Formulation I: We shall refer to Lamb's procedure || for associating moving 
space curves with soliton equations as " formulation I" , to distinguish it from 
two others to follow. We remark that although Eq. (||]) was not introduced by 
Lamb, his formulation implied them. As we shall see, its explicit introduction 
P] proves very convenient in unraveling the geometry of the associated soliton 



equation. This formulation was motivated by Hasimoto's earlier work [10 
which had established a connection between the local induction equation for 
a vortex filament in a fluid [] l] and the NLS. Here, one proceeds by defining 
a complex vector N = (n + ib) exp[i J t ds] and the Hasimoto function 

ip(s, u) = K exp [i J r ds] . (5) 

By writing N s , t s , N u and t u in terms of t and N, imposing the compatibility 
condition N su = N us , and equating the coefficients of t and N in it, one 
obtains 

V« + 7i- + (l/2)[/ ( T iV*-7iV) ds]i/> = 0. (6) 



where 

7i = -{9 + ih) exp[z J r ds] (7) 

The key step in Lamb's work is that an appropriate choice of 71 as a func- 
tion of ip an d its derivatives can yield a known integrable equation for tp. 
Comparing a solution of this equation with the Hasimoto function (|5|) yields 
the curvature K and torsion r of the moving space curve. Next, using the 
above mentioned specific choice of 71 in Eq. (j^) yields the curve evolution 
parameters g and h as some specific functions of K, r and their derivatives. 
Knowing these, r can also be found from the third equality in Eq. (ffl). Thus 
a set of parameters K, r, g, h and r that correspond to a given solution of 
the integrable equation has been found. In other words, associated with this 
solution, there exists a certain moving space curve determined using Lamb's 
procedure. 

This raises the following question: Is this the only possible curve evolution 
that one can associate with an integrable equation, or are there others? We 
showed recently || that there are two other ways of making the association, 
which we call formulations II and III respectively, which lead to two other 
curve evolutions. 

Formulation (II): Here, we combine the first two equations in Eqs.(|l|) to 
show that a complex vector M = (n— it)exp[i / K ds] and a complex function 

= rexp[i J K ds], (8) 

appear in a natural fashion. By writing M s ,b s ,M n and b u in terms of M 
and b, setting M su = M us , and equating the coefficients of b and M, 
respectively, we get 

$ u + 7 2s +(l/2)[/ (72$*-7 2 *$) ds]$ = 0. (9) 
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where 

72 = —{tq - ih) exp[i J K ds], (10) 

The subscript 2 is used on 7 to indicate formulation (II). 
Formulation (III): Here, we combine the first and third equations of ([!]), 
leading to the appearance of a complex vector P = (t — zb), and a complex 
function y given by|L2] 

X (s,u) = (K + ir). (11) 

Next, writing P s ,n s ,P u and n u in terms of P and n, imposing the com- 
patibility condition P su = P us , and equating the coefficients of n and P, 
respectively, we get 



Xu + l3s + (l/2)[j (73X*-7 3 *X) ds] X = 0. (12) 

where 

73 = -(g + ir ). (13) 

Here, the subscript 3 corresponds to formulation (III). Since Eq. (|9]) and Eq. 
(|T2| ) have the same form as Lamb's equation (|6]), it is clear that for a suitable 
choice (see discussion following Eq. ([F|)) of 72 as a function of $ and its 
derivatives, and of 73 as a function of x an d its derivatives, these equations 
can become known integrable equations for $ and y respectively. 

Collecting our results, we see from Eqs. (|5|), (||) and ( |TTD that the com- 
plex functions xp, $ and y that satisfy the integrable equations in the three 
formulations are different functions of K and r. Further, we see from Eqs. 
(0), ( |TUD and (^) that the complex quantities 71, 7 2 and 73 that arise in 



these formulations also involve different combinations of the curve evolution 
parameters g, h and r . Thus it is clear that these formulations indeed de- 
scribe three distinct classes of curve motion that can be associated with a 
given integrable equation. (Our analysis suggests that this association may 
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extend to some partially integrable equations as well.) Next, we apply these 
results to the NLS. 

3 Application to the NLS 

From our discussion given in the last section, it is easy to verify that in 
the three formulations, the respective choices 

71 = 72 = 73 = -iXa, ( 14 ) 

when used in Eqs. (|), © and flTJ), lead to the NLS 

iq u + q ss + ^\q\ 2 q = o, (15) 

with q identified with the complex functions if), $ and x respectively. Now, a 
general solution of Eq. (|I5| ) is of the form q = pexpfz^]. Equating this with 
the complex functions defined in Eqs.(|5|), (H) and ([TTJ) yields the curvature 
and the torsion of the space curves that correspond to that solution of the 
NLS to be (I) n\ = p, T\ = 9 S , (II) n 2 = S , T 2 = P an d (III) k 3 = 
p cos 9, r 3 = psin#. Thus clearly, three distinct space curves get associated 
with the NLS. However, even if K and r are known, to solve the Frenet- 
Serret equations ([I]) to find the tangent t of the curve, (in order to construct 
from it, the corresponding position vector r(s, u) — ft ds that describes the 
moving curve) is usually very cumbersome in general. In the present context, 
we shall show that a certain connection of the underlying curve evolutions of 
the NLS with the integrable LL equation via three distinct mappings enables 
us to construct these curves. 

To proceed, first we equate the expressions for 7 1; 72 and 73 given in Eq. 
fll4] ) with those given in Eqs. (0), (0) and ([13|) and obtain the following 
curve evolution parameters g, h and r in the three cases: 
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(I) g x = -k x t X ] h x = k 1s ; tqx = {k Xss /kx) - rf, 

(II) g 2 = (t 2ss /t 2 ) - n 2 2 ; h 2 = -r 2s ; r 02 = -k 2 t 2 , 
(HI) g 3 = -r 3s ; ha = (1/2)(«| + r|); r 03 = k 3s . 

Next, substituting these expressions for each of the formulations appropri- 
ately in Eq. (|j), and using Eq. (JJ), a short calculation || shows that the LL 
equation 

S u = S x S ss ; S 2 = 1 (16) 

is obtained in every case, i.e., for the tangent tx of the moving space curve in 
the first formulation, for the binormal h 2 in the second, and by the normal 
n 3 in the third. Of the above, the first is just the converse of Lakshmanan's 
mapping|8|] where, starting with the LL equation (|16"D , and identifying S 
with the tangent to a moving curve, it becomes possible to obtain the NLS 
for ip. The other two clearly represent new geometries connected with the 
NLS. Furthermore, the converses of these two also hold good, i.e., starting 
with fllBD and identifying S with b and n successively, we can show that the 
NLS for $ and \ are obtained, respectively. These are the two analogs of 



Lakshmanan's mapping. Next, we exploit these connections with Eq. (|16D 
to find the moving space curves associated with the NLS. 



The LL equation (|16"D has been shown to be completely integrable [DJ and 



gauge equivalent [|T4[ to the NLS. Its exact solutions can be found ||T3| , |15|| . We 
now show how rj, r 2 and r 3 , the position vectors generating the three moving 
curves underlying the NLS, can be found in terms of an exact solution S of 
Eq. (|TBJ). 

(I) Let ti be the tangent to a certain moving curve created by a position 
vector rx(s,u). Thus we set ti = ri 8 = S, a solution of the LL equation. 
Now, the corresponding triad (ti,ni,bi) of this curve satisfies the Frenet- 
Serret equations (P with curvature Kx and torsion tx- In terms of ti (and 
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hence S), these are given by the usual expressions 

I , I | C i tl.(tl s X tx ss ) S.(S S X S ss ) 

«i = |tu| = |S a |; ti = -2 = ^ (17) 

Thus the underlying moving curve Ti(s, u) in this formulation is simply given 
in terms of the solution S by 

Y\(s,u) = J ti ds — J S(s,u) ds (18) 

The above expression for T\ is the surface that one obtains using Sym's|| 
method. 

(II) Let the binormal of some moving curve r 2 (s,w) be denoted by b2. For 
this case, b 2 = S. Here, the tangent t 2 = r 2s . The triad (t 2 , n 2 , b 2 ) satisfies 
Eq. QTj) with curvature k 2 = b 2 .(b 2s x b 2ss )/|b 2s | 2 = t\ and torsion r 2 = K\. 
(See Eq.Q). Using t 2 = n 2 x b 2 = -b 2 x b 2s /|b 2s | = -S x S 8 /|S.|, the 
position vector r 2 (s,w) generating the second moving curve is found to be 

r 2 (s,u) = [ t 2 ds — — [ S x ds (19) 



(III) Finally, let the normal of yet another moving curve r 3 (s, u) be denoted 
by 113. So we have 113 = S. The tangent of this curve is t 3 = r-3 S , and the triad 
(t3, 113, bs) satisfies Eq. (|I|) with curvature K3 and torsion T3. Here, clearly, 
we need the expressions for t3 in terms of 113 and its derivatives. From Eq. 
(H) for this case, 

(«3 + r 3 2 )t 3 = r 3 (n 3 x n 3s ) - K 3 n 3s (20) 

Next we find K3 and T3 interms of 113 by showing that (ri3 S ) 2 = (^3 + t|) = k\ 
and n 3 .(n 3s x n 3ss )/|n 3s | 2 = n = ^(tan _1 (T 3 /«3)). Using |n 3s | = «i, a 
short calculation yields k 3 = /«i cos 771 and r 3 = sinryi, where 771 = 
[/ 7~i ds + Ci(u)]. Here, Ci(u) is a function of time u , which can be found 
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in terms of K\ and T\ using the appropriate Eqs. (4) for k 3u and r 3u . These 
details will be given elsewhere. Substituting the above values for k 3 and r 3 
into Eq. (j2"U|), and setting n 3 = S, the position vector r 3 (s,it) creating the 
third moving space curve can be found to be 

r 3 (s, u)=Jt 3 ds = J [(SxS^sin^ -S. cos,,]) ^ ^ 
4 Example: Soliton geometries 

Defining three orthogonal unit vectors §1 = |l,0,o|, e 2 = |o, cos 77, sin 77}, e 3 = 
|o, — sin 77, cos 77 j, a soliton solution of the LL equation (|16|) is given by 

S(s,u) = (1 — yuz/sech 2 (z/£))ei 

+ /iz/sech(z/£) tanh(z/£)e 2 — /iAsech(i/£)e 3 (22) 

where £ = (s — 2\u),r] = (As + (z/ 2 - A 2 )w), and /i = 2z//(z/ 2 + A 2 ). Here, 
f and A are arbitrary constants. Using Eq. (|22| ) and our results of the previ- 
ous section, the three moving curves that correspond to the soliton solution 
q — p expiO = 2z/sech(z/£) expir] of the NLS (Eq. (|T5D) are found by 
substituting Eq. (|2|) in Eqs. (0), (0) and (|2l|) , respectively. For the sake 
of illustration, let us consider the special case A = 0, which corresponds to 
the velocity of the envelope of the NLS soliton being zero. We obtain the 
following three swept-out surfaces: 

(I) ri = [s — (2/i/)tanhi/s, (— 2/z/)sechz/s cos^ 2 u, 

(— 2/z/)sechz/s sinz/ 2 u] (23) 

Note that K\ = 2z/sech(i/s) and T\ = 0. This surface is given in Fig. (1). 

(II) r 2 = s [ 0, sinz/ 2 w, -cosz/ 2 u ] (24) 
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Here, k 2 = and r 2 = 2z/sech(z/s). For the sake of completeness, we display 
this planar surface in Fig. (2). 



(Ill) r 3 = [(2/z/)sechz/s cos(z/ 2 w), (s — (2/z/) tanhz/s 

cos 2 (z/ 2 w)), —(2/v) tanh us cos(z/ 2 w) sin(z/ 2 «)] (25) 

Here, k 3 = 2z/sechi/s cos z/ 2 w and r 3 = 2z/sechi/s sin v 2 u. This surface is 
given in Fig. (3). 

For the case A 7^ 0, the envelope of the NLS soliton moves. Geometrically, 
this motion can be shown to correspond to the "twisting out" of the surface in 
Fig. (1), around its symmetry axis, and "stacking up" of more such surfaces 
in a helical fashion along this axis. This leads to corresponding changes in 
Figs. (2) and (3) as well. The details of this will be presented elsewhere. 

Before we conclude, we mention that the geometry underlying the NLS 
can also be studied by working with the complex conjugates of the complex 
vectors and functions that we used in the three formulations. These can 
be shown to lead to a mapping to the LL equation for — t, — n and — b 
respectively. It can be verified that these merely yield surfaces which are 
created by the negative of the position vectors r i; i = 1,2, 3, which we found 
in Section 3, so that essentially no new surfaces result from these. Finally, 
while in the first formulation, it can be easily verified that the curve velocity 
ri u satisfies the local induction equation [|Il[] ri„ = Kibi, the velocities r 2u 
and r 3u appearing in the other two formulations can be shown to satisfy more 
complicated equations. These general results on curve kinematics and their 



ramifications are reported in f!6 | 
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Figure Captions: 




Figure 1: Surface swept-out by the moving space curve r 1 (s,u) (Eq. (HD) 
for v = 1 and < u < 6.3. 



Figure 2: Surface swept-out by the moving space curve r 2 (s, u) (Eq. (f2~4])) 
for v = 0.5 and < u < 25. 
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Figure 3: Surface swept-out by the moving space curve r 3 (s, u) (Eq. (p5|)) 
for v = 0.5 and < u < 25. 
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